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Systemic,	  pervasive	  problem	  

•  Many	  students	  do	  not	  understand	  the	  
mathema4cs	  they	  learn	  
	  



Systemic,	  pervasive	  problem	  

•  Many	  students	  do	  not	  understand	  the	  
mathema4cs	  they	  learn	  

•  Watershed	  concepts	  
– Base	  10	  and	  Place	  Value	  
– Frac4ons	  
– Equivalence	  &	  Equality	  
– Fundamental	  Proper4es	  of	  Opera4ons	  



What	  is	  understanding?	  



What	  is	  understanding?	  

•  Connec4ons	  
“For	  an	  idea	  to	  be	  understood,	  it	  must	  be	  related	  to	  
other	  ideas”	  

	   	   	   	   	   	  -‐Carpenter	  and	  Lehrer,	  1999	  



How	  is	  understanding	  developed?	  

•  Mathema4cal	  prac4ces	  

“Scien4fic	  concepts	  are	  never	  developed	  without	  
par4cipa4on	  in	  specialized	  forms	  of	  prac4ce”	  and	  
“concepts	  are	  con4ngent	  on	  these	  prac4ces”	  	  

-‐Catley	  et	  al.,	  2005	  



Symptoms	  of	  the	  problem	  



A	  fi[h	  grader’s	  thinking	  

Jeremy	  is	  making	  cupcakes.	  He	  wants	  to	  put	  ½	  cup	  of	  
fros4ng	  on	  each	  cupcake.	  If	  he	  makes	  4	  cupcakes	  for	  his	  
birthday	  party,	  how	  much	  fros4ng	  will	  he	  use	  to	  frost	  all	  of	  
the	  cupcakes?	  



A	  fi[h	  grader’s	  thinking	  

Holly:	  “4	  halves”	  



Holly’s	  thinking	  is	  not	  that	  unusual	  

•  Difficul4es	  with	  frac4ons	  widely	  
acknowledged	  
– Difficul4es	  remembering	  and	  understanding	  
procedures	  

– Proficiency	  with	  procedures	  does	  not	  mean	  
learners	  understand	  



More	  evidence	  of	  the	  problem	  

•  TIMSS	  item	  for	  8th	  graders	  



•  TIMSS	  item	  for	  8th	  graders	  

•  Answered	  correctly	  by	  37%	  of	  U.S.	  students	  
–  Interna4onal	  average	  45%	  



•  Another	  TIMSS	  item:	  



•  Another	  TIMSS	  item:	  

•  Answered	  correctly	  by	  25%	  of	  U.S.	  students	  
–  Interna4onal	  average	  30%	  



•  One	  more:	  



•  One	  more:	  

•  51%	  of	  U.S.	  students	  answered	  correctly	  
–  Interna4onal	  average	  46%	  



Addressing	  the	  problem	  



A	  recent	  claim	  

•  Lack	  of	  proficiency	  in	  frac4on	  arithme4c	  
impedes	  student	  progress	  in	  algebra	  



A	  recent	  claim	  

•  Lack	  of	  proficiency	  in	  frac4on	  arithme4c	  
impedes	  student	  progress	  in	  algebra	  

•  And	  an	  ini4al	  revision:	  Lack	  of	  understanding	  
the	  conceptual	  con4nui4es	  between	  whole-‐
number	  and	  frac4on	  arithme4c	  impedes	  
students’	  understanding	  of	  algebra	  



Have	  you	  ever	  seen	  a	  student	  do	  this?	  

7a + 4a = 11a2



Let’s	  go	  back	  to	  arithme4c.	  What	  do	  
these	  all	  have	  in	  common?	  

70 + 40

7a + 4a

7
5 +

4
5



How	  might	  children	  solve	  these?	  What	  
do	  they	  have	  in	  common?	  

70 + 40 = 7 ×10 + 4 ×10 = (7 + 4) ×10 = 110

7
5 +

4
5

7a + 4a
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How	  might	  children	  solve	  these?	  What	  
do	  they	  have	  in	  common?	  

70 + 40 = 7 ×10 + 4 ×10 = (7 + 4) ×10 = 110

7
5 +

4
5 = 7 ×

1
5 + 4 ×

1
5 = (7 + 4) ×

1
5 =

11
5

7a + 4a = (7 + 4)a = 11a



Characterizing	  these	  pagerns	  

•  Understand	  numbers	  in	  order	  to	  relate	  to	  
opera4on	  
– Base-‐10	  structure	  of	  whole	  numbers	  
– Frac4ons	  as	  mul4plica4ve	  

	  

•  Use	  of	  same	  fundamental	  property	  of	  
opera/ons	  and	  equality	  
– Distribu4ve	  property	  of	  mul4plica4on	  over	  
addi4on	  

a
b
= a × 1

b



•  Students	  who	  understand	  and	  use	  these	  
rela4onships	  are	  using	  Rela4onal	  Thinking	  	  
–  (Carpenter	  et	  al.,	  2003;	  Empson,	  et	  al.,	  2011;	  
Empson	  &	  Levi,	  2011)	  



Rela4onal	  Thinking	  

•  Children	  draw	  upon	  their	  understanding	  of	  
rela4ons	  between	  opera4ons	  and	  equality	  to	  
reason	  about	  problems	  
– An4cipatory	  view	  of	  the	  problem	  
– Not	  as	  a	  series	  of	  steps	  to	  follow	  to	  get	  an	  answer	  

•  Bridges	  arithme4c	  and	  algebra	  
–  Special	  set	  of	  rela4ons:	  fundamental	  proper4es	  of	  
arithme4c/algebra	  

–  Show	  up	  early	  
•  Teacher’s	  role	  is	  cri4cal	  



Development	  of	  Rela4onal	  Thinking	  

•  Children	  use	  Rela4onal	  Thinking	  
spontaneously,	  naturally,	  to	  make	  sense	  of	  
problems	  

•  Begins	  early	  



Coun4ng	  strategy	  

Keisha has 7 beads. She gets 6 more beads. How many beads
does Keisha have now?

llll rIll

Levi,2008



Rela4onal	  Thinking	  strategy	  

Keisha has 7 beads. She gets 6 more beads.
does Keisha have now?

How many beads

1#=la
lo$= 13

'l t6=tl

Levi,2008



Rela4onship	  used	  in	  Rela4onal	  
Thinking	  strategy	  

7 + 6 = 7 + (3+ 3) = (7 + 3) + 3



A	  problem	  given	  to	  first	  graders	  at	  end	  
of	  unit	  of	  study	  

Tina	  and	  Tony	  painted	  pictures	  this	  a[ernoon.	  Tina	  used	  
half	  a	  jar	  of	  blue	  paint	  for	  her	  picture.	  Tony	  used	  three	  
fourths	  of	  the	  same	  sized	  jar	  of	  blue	  paint	  for	  his	  picture.	  
How	  much	  blue	  paint	  did	  Tina	  and	  Tony	  use	  altogether	  for	  
their	  pain4ngs?	  	  



•  8	  out	  of	  17	  students	  solved	  correctly	  
•  “Three	  fourths	  has	  a	  half	  and	  a	  fourth	  in	  it.	  Put	  
half	  with	  the	  half	  jar	  and	  that	  makes	  a	  whole	  
jar.	  Then	  a	  fourth	  extra.	  So	  one	  whole	  jar	  and	  
a	  fourth.”	  
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Unpacking	  this	  thinking	  

•  “Three	  fourths	  has	  a	  half	  and	  a	  fourth	  in	  it”	  

	  
3
4 =

1
2 +

1
4
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To	  figure	  	  	  	  	  	  	  	  	  	  	  	  the	  children	  used…	  

•  Understanding	  of	  opera4on	  of	  addi4on	  
–  Involves	  combining	  like	  units	  
– Associa4ve	  property	  

•  A	  fundamental	  property	  of	  opera4ons	  and	  equality	  

	  

1
2 +

3
4



To	  figure	  	  	  	  	  	  	  	  	  	  	  	  the	  children	  used…	  

•  Understanding	  of	  opera4on	  of	  addi4on	  
–  Involves	  combining	  like	  units	  
– Associa4ve	  property	  

•  A	  fundamental	  property	  of	  opera4ons	  and	  equality	  

•  Understanding	  of	  frac4ons	  
– Decomposi4on	  of	  a	  frac4on,	  equivalent	  frac4ons	  

	  

1
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To	  figure	  	  	  	  	  	  	  	  	  	  	  	  the	  children	  used…	  

•  Understanding	  of	  opera4on	  of	  addi4on	  
–  Involves	  combining	  like	  units	  
– Associa4ve	  property	  

•  A	  fundamental	  property	  of	  opera4ons	  and	  equality	  

•  Understanding	  of	  frac4ons	  
– Decomposi4on	  of	  a	  frac4on,	  equivalent	  frac4ons	  

•  An4cipatory	  thinking	  
– Deciding	  what	  rela4onships	  can	  be	  used	  to	  
simplify	  the	  problem.	  Decompose	  	  	  

	  

1
2 +

3
4

3
4
=
1
2
+
1
4



Claim	  

•  With	  appropriate	  teacher	  support,	  the	  vast	  
majority	  of	  children	  are	  capable	  of	  realizing	  
the	  power	  of	  Rela4onal	  Thinking	  



Suppor4ng	  research	  

•  3-‐year	  longitudinal	  study	  of	  1st,	  2nd,	  and	  3rd	  
graders	  (Carpenter	  et	  al.,	  1998)	  
– 82	  children	  
– 90%	  used	  Rela4onal	  Thinking	  strategy	  for	  
mul4digit	  addi4on	  or	  subtrac4on	  at	  some	  point	  



•  Year-‐long	  case	  study	  (Koehler,	  2004)	  
– All	  2nd/3rd	  graders	  including	  six	  lowest	  performing	  
students	  developed	  Rela4onal	  Thinking	  strategies	  
to	  make	  sense	  of	  whole-‐number	  mul4plica4on	  
•  From	  not	  thinking	  rela4onally	  to	  Rela4onal	  Thinking	  

–  Distribu4ve	  property	  to	  par44on	  facts	  
•  Also,	  marked	  improvement	  on	  district-‐mandated	  
standardized	  test	  

•  Other	  research	  



Use	  of	  Rela4onal	  Thinking	  in	  
mul4plying	  and	  dividing	  frac4ons	  –	  

Sugges4ve	  findings	  



Problem	  

	  	  
	   2

3Each	  cupcake	  takes	  	  	  	  	  	  	  cup	  of	  fros4ng.	  If	  Bety	  made	  8	  
cups	  of	  fros4ng,	  how	  many	  cupcakes	  can	  she	  frost?	  	  



Problem	  

	  	  
	  

•  Measurement	  Division	  (how	  many	  groups	  of?)	  
•  	  	  

2
3Each	  cupcake	  takes	  	  	  	  	  	  	  cup	  of	  fros4ng.	  If	  Bety	  made	  8	  

cups	  of	  fros4ng,	  how	  many	  cupcakes	  can	  she	  frost?	  	  

8 ÷ 2 3 = a



Shana	  (5th	  grader)	  

•  Each	  ligle	  cake	  takes	  ¾	  of	  a	  cup	  of	  fros4ng.	  If	  
Bety	  wants	  to	  make	  20	  ligle	  cakes	  for	  a	  party,	  
how	  much	  fros4ng	  will	  she	  need?	  	  
– Mul4plica4on	  	  
	  



Repeated	  addi4on	  strategy,	  with	  
emergent	  grouping	  

•  Shana’s	  wrigen	  
work	  
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Kylie	  (7th	  grader)	  

•  Nina	  has	  	  	  	  	  	  	  	  	  	  	  	  yards	  of	  fabric	  to	  make	  pillows.	  
If	  each	  pillows	  takes	  	  	  	  	  	  	  of	  a	  yard	  of	  material,	  
how	  many	  pillows	  can	  Nina	  make	  before	  she	  
runs	  out	  of	  fabric? 	  	  
– Measurement	  division	  

10 12 3
8



Rela4onal	  Thinking	  strategy	  

•  Kylie’s	  goal	  
– How	  many	  	  	  	  	  	  	  does	  it	  take	  to	  make	  	  	  	  	  	  	  	  	  	  	  	  ?	  	  3

8

j × 38 = 10
1
2

10 12



What	  do	  you	  think	  Kylie’s	  reasoning	  is?	  
What	  fundamental	  proper4es	  do	  you	  see?	  	  
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•  “8	  groups	  of	  	  	  	  	  	  is	  1,	  so	  8	  
groups	  of	  	  	  	  	  would	  be	  3”	  

•  Always	  true?	  
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•  “8	  groups	  of	  	  	  	  	  	  is	  1,	  so	  8	  
groups	  of	  	  	  	  	  would	  be	  3”	  
–  Always	  true?	  

•  As	  understanding	  grows,	  
learners	  iden4fy	  and	  use	  
generalized	  rela4onships	  
such	  as	  this	  one	  
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Other	  rela4onships	  

8 × 38 = 3

3× (8 × 38) = 3× 3

(3× 8) × 38 = 9

•	  Mul4plica4on	  Property	  of	  
Equality	  

	  
•	  Associa4ve	  Property	  of	  
Mul4plica4on	  



•  Now	  that	  you	  know	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  how	  could	  you	  
use	  it	  to	  find	  the	  value	  for	  b	  that	  makes	  this	  
equa4on	  true?	  

– What	  fundamental	  proper4es	  did	  you	  use	  in	  your	  
reasoning?	  

9 × 38 = b

8 × 38 = 3



•  Did	  you	  get	  	  	  	  	  	  	  	  ?	  	  
•  Did	  you	  use	  the	  distribu4ve	  property?	  

338



•  Did	  you	  get	  	  	  	  	  	  	  	  ?	  	  
•  Did	  you	  use	  the	  distribu4ve	  property?	  

338

9 × 38 = (8 +1) ×
3
8

= (8 × 38) + (1×
3
8)

= 3+ 38

= 338



•  Did	  you	  get	  	  	  	  	  	  	  	  ?	  	  
•  Did	  you	  use	  the	  distribu4ve	  property?	  

	  
•  Of	  course,	  there	  are	  other	  ways	  to	  solve	  this	  
problem	  

338

9 × 38 = (8 +1) ×
3
8

= (8 × 38) + (1×
3
8)

= 3+ 38

= 338
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Standard	  procedure	  can	  be	  less	  
efficient	  than	  Rela4onal	  Thinking	  



As	  understanding	  grows,	  learners	  become	  more	  
flexible	  in	  their	  use	  of	  rela4onships	  

•  Solve	  some	  of	  these	  equa4ons	  using	  Rela4onal	  Thinking	  

m ÷
1
8
= 7

k × 3 = 1
2

3× 1
4
= n × 1

12

a × .1+ b = 3.4



Learning	  frac4ons	  with	  understanding	  

•  Equal	  Sharing	  as	  a	  model	  
•  Development	  of	  rela4ons	  
– Quan44es	  
– Use	  of	  Fundamental	  Proper4es	  to	  reason	  about	  
opera4ons	  on	  frac4ons	  

•  Purposeful	  view	  of	  problem	  solving	  
– Cul4vate	  habit	  of	  making	  sense	  by	  drawing	  on	  
mathema4cal	  rela4ons—connec4ons	  	  

– An4cipatory	  thinking	  



Why Equal Sharing?  "
•  Build on children’s informal knowledge of 

sharing and partitioning"
•  Many different entry points to solve"
•  Develop understanding of what a fraction is"
•  Extend children’s knowledge of division"



Solve as a fourth-grader might"
•  What type of division?"
•  What kinds of strategies?"
•  What is the mathematics that comes up in 

children’s strategies?"

6 gators want to share 10 pies equally. How 
much pie can each gator have?	




•  Children understand fractions in 
terms of relationships"

"



•  Children understand fractions in 
terms of relationships"

1 ÷ 4 = ¼    and    4 × ¼ = 1"
 "



•  Children understand fractions in 
terms of relationships"

1 ÷ 4 = ¼    and    4 × ¼ = 1"
¼ + ¼ + ¼ = ¾"
 "



•  Children understand fractions in terms of 
relationships"

1 ÷ 4 = ¼    and    4 × ¼ = 1"
¼ + ¼ + ¼ = ¾"
3 × ¼ = ¾"
….."
 "



One	  View	  

•  Proficiency	  in	  frac4ons	  is	  founda4onal	  to	  
algebra	  

7
5 +

4
5 =

11
5

9 × 38 =
9
1 ×

3
8 =

27
8 = 3

3
8



Another	  view	  

•  Lack	  of	  the	  development	  of	  Rela4onal	  Thinking	  
in	  elementary	  school	  impedes	  students’	  
progress	  and	  understanding	  of	  algebra	  
–  Involving	  whole	  numbers	  and	  frac4ons	  

	  



Connec4ons	  

•  But	  not	  all	  connec4ons	  of	  equal	  value	  in	  
understanding	  

•  Rela4onal	  Thinking	  specifies	  connec4ons	  
cri4cal	  to	  learning	  whole-‐number	  and	  frac4on	  
arithme4c	  with	  understanding	  

	  



•  Rela4onal	  Thinking	  across	  the	  arithme4c	  
curriculum	  may	  be	  most	  cri4cal	  precursor	  to	  
learning	  algebra	  with	  understanding	  
– Small	  set	  of	  Fundamental	  Proper4es	  govern	  
children’s	  reasoning	  about	  whole	  numbers	  and	  
frac4ons	  

– Learners	  use	  these	  proper4es	  naturally	  and	  
purposefully	  in	  their	  strategies	  
•  If	  encouraged	  to	  use	  own	  thinking	  about	  how	  to	  solve	  



Where	  next?	  



•  Research-‐based	  knowledge	  of	  children’s	  
thinking	  has	  proliferated	  

•  Limited	  research	  on	  
– How	  teachers	  use	  this	  knowledge	  
– How	  to	  help	  teachers	  learn	  to	  use	  this	  knowledge	  
– What’s	  possible	  in	  terms	  of	  children’s	  thinking	  
when	  teachers	  use	  this	  knowledge	  



Research	  on	  
Mathema4cal	  

Thinking	  
Teachers’	  Use	  of	  
Research	  on	  
Mathema4cal	  

Thinking	  
Teachers	  Learning	  to	  
Use	  Research	  on	  
Mathema4cal	  

Thinking	  



One	  take	  on	  teachers’	  use	  of	  research	  
on	  mathema4cal	  thinking	  



Responsive	  decision	  making	  



Role	  of	  the	  teacher	  
	  

•  Choose	  and	  adapt	  problems	  
– Responsive	  to	  children’s	  thinking	  
– Address	  substan4ve	  mathema4cs	  

•  Notate	  children’s	  solu4ons	  and	  explana4ons	  
– Problem	  situa4on	  
– Strategy	  	  
– Structure	  	  

•  Sequence	  problems	  
•  Listen,	  interpret,	  adapt	  



Thank	  you!	  


